Introduction
Rubbers are used in many engineering applications, in fields ranging from consumer products to aerospace to military. One of the useful characteristics of rubbers is dissipation of mechanical energy, allowing the material to be used for energy absorption, which is of particular interest for impact protection. For example, one application is elastomeric coatings on concrete masonry unit walls; elastomers are also used to protect mobile devices such as cell phones. When rubbers are used in such applications, the strain rate induced by impact loading can fall into the so-called dynamic range (1-10 4 s −1 ) [1] . For example, the strain rate experienced by a rubber protective layer on masonry walls can reach the order of 100 s −1 [2] . However, the mechanical behaviour of rubbers is very sensitive to deformation rate even between quasi-static rates (10 −4 -1 s −1
) [3] . Understating the dynamic and rate dependent behaviour is therefore important, not only to achieve cost-effective use of the materials but also ensure a targeted safety level. These two aspects can be achieved by appropriate engineering design, but engineering design cannot be reliable unless material behaviour in the service conditions is well understood. Thus, it is clear that the mechanical characterization of rubbers over a wide range of strain rates is essential.
The most widely used test method for mechanical characterizations of materials at dynamic strain rates is the split Hopkinson bar. This technique has been used for characterizing the dynamic stress-strain curve of rubbers in compression [3] [4] [5] . Alternative dynamic techniques, based on a modified Charpy tester, commercial hydraulic load frame and gas gun have also been developed for testing rubbers in tension [6] [7] [8] . Although many efforts have been made in the design and performance of these tests, there are several experimental difficulties due to the low Young's modulus of rubbers. The first difficulty is low signal-to-noise ratio of force measurements during dynamic loading. This difficulty is typically expected when the split Hopkinson pressure bar (SHPB) experiment is conducted with high impedance metallic bars on a low impedance rubber specimen [9] . The second limitation is the achievement of static stress equilibrium in the dynamic experiment. This limitation needs to be considered for all Hopkinson bar type dynamic experiments, in which remote measurement of specimen behaviour are made, but it is more difficult for rubbers to obtain this equilibrium state within the initial loading period due to their low wave speed [10] . Thus, the force data measured from one end of a specimen will differ from that at the other end, and these measurements are affected by both specimen and material response, rather than measuring material response alone.
Recently, the authors have developed an entirely different approach [11] . The new method is based on the combination of two modern experimental techniques: full-field measurement supported by high-speed imaging and digital image correlation [12] , and the Virtual Fields Method (VFM) [13] . The VFM is an inverse method by which material constitutive parameters are inversely characterized by applying experimental observations such as strain and force data to the principle of virtual work equation. This equation is written as where, σ is actual stress tensor, T actual loading (=σn), u * virtual displacement vector, a acceleration, ε * virtual strain tensor (=∂u * /∂x), v current volume of the body, s f current loaded surface, ':' and '·' the dot products for matrices and vectors.
For a quasi-static experiment, the inertial force term (the right-hand side of Eq. (1)) is negligible and can be omitted. When materials are dynamically loaded, this inertial term becomes significant due to the high accelerations, causing a non-uniform deformation of a test sample. Several previous works have modified this equation to remove the traction force term (the second term of the left-hand side of Eq. (1)) by applying appropriate virtual fields [14] , for example, where x and y are the axial and transverse coordinates and L indicates the axial distance from the fixed to loaded
boundary. With these virtual fields, Eq. (1) can be rewritten as
The cancellation of the traction force term in Eq. (1) means that the force measurement during dynamic loading is not required; instead the inertial force term is utilized as load cell. The fact that the traditional force measurement is not required is a significant advantage for a dynamic test on rubbers since the aforementioned experimental difficulties in terms of force measurement do not need to be considered. The application of this equation can be referred to as the dynamic VFM and has been adopted for characterizing various materials such as metal [15, 16] , composites [14, 17] and concrete [18] . The present author used Eq. (3) to identify the Young's modulus of a silicone rubber under a small amplitude dynamic loading, in tension, produced by a drop-weight apparatus; the identification and experimental procedure is described in a previous paper [11] . The Young's modulus identification is conducted with different pre-stretching levels imposed on the rubber specimen. A series of Young's moduli (averaged values from each test) is collected and used in a special optimization with the assumption that each modulus is a tangent to the actual stress-strain curve of the test specimen; numerical simulation and experimental data showed that this assumption yields reasonable characterisation of material properties. A suitable hyperelastic model is assumed in this optimization procedure, and the unknown model parameters are obtained. The drop-weight apparatus is schematically described in Fig. 1 and nitrile rubbers (Coru118, Coruba). Uniaxial type specimens were prepared from these two rubber sheets with dimensions of width = 13 mm and length = 80 mm. The thickness is uniformly about 1 mm. After inserting the specimens between the two clamps in the drop-weight apparatus, as shown in Fig. 1 , the gauge length is approximately 50 mm. The dynamic experiment was identically conducted as presented in the previous work [11] ; the procedure is briefly described again here. First, the specimen is located on top of the drop-weight apparatus. The ends of the specimen are clamped by the two fixtures. The cylindrical weight is manually dropped from a certain location; when the end of the loading bar is impacted by the weight, the tensile loading wave travels toward the specimen. The bottom clamp is displaced downward and hence the rubber specimen is dynamically stretched. At this instant, a high-speed camera (FASTCAM SA 5, Photron) is triggered in order to capture the dynamic deformations at an imaging speed of 50 000 fps. Each digital image taken by this camera is analysed by means of a commercial digital image correlation package (Davis 7.2, LaVision 2007). From this analysis, the strain and acceleration data fields are obtained at each imaging time step. These data are applied to Eq. (3) in which the stress term σ is described by the linear elastic constitutive model with the two unknown parameters: Young's modulus E and Poisson' ratio ν. Equation (3) can then be rewritten in the form of a system of linear equations. Evaluation of these equations leads to the identification of E and ν at each time step. The identification results for the silicone and nitrile rubber are given in Fig. 2 . The identification period shown in Fig. 2 is approximately the initial incident loading period, after which a slight unloading period occurs due to wave reflection within the loading bar. Within this initial loading period, there is at least one wave reflection in the specimen; that is, the stress wave reaches the fixed end of the specimen. According to the observation of the strain data field, the stress wave reached the fixed end at about 0.5 and 0.7 ms for the case of the silicone and nitrile rubbers, respectively. At a similar instant, it can be seen that the Young's modulus identification falls below zero before returning to positive values. The reason for this unstable identification is that static stress equilibrium is achieved for a short period when the stress wave reaches the fixed end. During this temporary equilibrium state, the inertial force term of Eq. (3) is close to zero; this means that no force data exist in the principle of virtual work equation.
In the previous work, the averaged Young's moduli were obtained from identification results at different prestretch levels in order conduct an optimization procedure allowing the constitutive parameters of the assumed hyperelastic model to be calculated. For example, the averaged value for the silicone rubber can be calculated using the Young's modulus from 0.2 to 0.5 ms, over which time the identifications are stable. The method used to determine the stable identification period is to consider the assumption that rubbers should exhibit rate independent compressibility, so that the Poisson's ratio, identified during the averaging period, should be close to that obtained from a quasi-static test. This method works well for determining the starting point of the averaging period. However, the unstable identification of the Poisson's ratio during the temporary equilibrium state is not as significant as that of the Young's modulus. Thus, it is not clear when to define the final point. This problem can significantly affect the identification result of the averaged Young's modulus, especially when rubbers exhibit a large amount of stress relaxation; this is evident in Fig. 2 in that the identification result from the nitrile rubber decreases more than that of the silicone rubber during the identification period. For this case, the averaged Young's modulus is greatly influenced by the length of the averaging period. Furthermore, if the rubber specimen is shorter or stiffer, the unstable identification moment occurs earlier so that the determination of the averaging period can be more difficult and its significance on the averaged modulus can be higher.
In the present paper, a new VFM and experimental procedure is proposed in order to overcome the experimental limitation of the current dynamic VFM technique on rubbers. The next section will describe this new VFM procedure using a finite element simulation that resembles the new experimental conditions, and explain how to remove the unstable identification moment and extend the stable identification period. The next section also explains an alternative way to reconstruct the stress-strain curve Silicone rubber (117 Fig. 2 Young's modulus identifications from the VFM application to the drop-weight experiment without using the optimization procedure introduced in the previous work [11] .
Simulation
Finite Element simulation studies were conducted using ABAQUS. A two-dimensional rectangular specimen was designed with similar dimensions as used in the actual experiment. The geometry is schematically described in Fig. 3 left) . The left-hand boundary is fixed, and the velocity boundary condition (Fig. 3 right) , which was obtained from the actual experiment, is imposed on the right-hand side boundary. The fixed boundary condition in the y direction is applied on both ends. ABAQUS/explicit simulations were performed with a CPS4R (four-node plane stress, reduced integration) element type and the maximum calculation time increment of 1 μs. The element size was chosen as 0.5 mm. The same simulation procedure is described more in detail in the previous work [11] . For the material model, the two-term Ogden [19] and linear viscoelastic models (Prony series) are adopted to simulate the ratedependent hyperelastic behaviour. The parameters for the Ogden mode were obtained from a quasi-static uniaxial test (0.01 s −1 ) on the same nitrile rubber. The dynamic mechanical analysis (DMA) with the aid of time-temperature superposition was used to obtain the relaxation curve of the same material, which was then fitted to the Prony series in order to obtain the parameters for the viscoelastic part. The same description of the quasi-static experiment and DMA application can be found in the previous work [11] . The material parameters are listed in Table 1 . It should be noted that for the hyperelastic model a large bulk modulus (K = 400 MPa) is given to simulate an almost incompressible behaviour.
The strain and acceleration data fields were extracted, using the method as in the previous work [11] , from the simulation result at a time interval of 0.02 ms, which is the same interval as the imaging speed, 50 000 fps, in the experiment. The extracted data fields were applied to the principle of virtual work equation, Eqs. (2 and 3), in order to obtain the Young's modulus identifications at each time step. The identification result from Eq. (3) is referred to as the Old VFM from this section onwards.
The role of the first virtual field of Eq. (2) is to impose zero (axial) virtual displacements on both ends of the specimen: the term x and (x − L) respectively are null at the left-and right-hand side ends so that the tractions from both ends can be cancelled from the principle of virtual work equation. If the virtual fields can cancel the contribution of the traction over the fixed boundary, it is referred to as the kinematically admissible (KA) virtual field [13] . The principle of virtual work equation, Eq. (1), is only valid when such a KA virtual field is applied. However, a non-KA virtual field can be also used if the traction from the fixed boundary is known. In the current case, it is assumed that in the experiment we can measure the traction of the fixed boundary during the dynamic loading. This assumption allows the removal of the term x from Eq. (2). The term (x -L) remains to cancel the traction from the loaded boundary, because it can be difficult to measure the reaction force from a dynamically loaded boundary. With this assumption, the first virtual field is rewritten as
The second virtual field remains the same to be KA for cancelling any lateral traction contribution which is experimentally difficult to measure. With this new virtual field, the principle of virtual equation is written as where s u indicates the fixed boundary. The same simulation data fields were applied to this new equation. For the virtual work term of the traction force, the reaction force data were extracted from the nodes over the fixed boundary to supply the axial traction, T x .
The identifications of the Young's modulus from the Old and New VFMs are given in Fig. 4 . The black solid line represents the identification history from the Old VFM, in which the unstable identification instants can be observed as similarly shown in the preliminary experimental result in Fig. 2 . The stable identification period between these instants becomes shorter with increasing time during the loading. This reduction could be due to not only the temporary equilibrium state, but also the complex loading history as shown in Fig. 3 right. In contrast, the result (red line) from the New VFM shows a very stable identification for the whole loading period. No unstable identification instant is found, except for the very early loading period, although there are multiple wave reflections within the specimen. The two identification results are almost coincident during the initial loading period (t < 1 ms). Thus, the old method to obtain the averaged Young's modulus can work for this period. However, after this period, the result from the Old VFM significantly deviates from that of the new method;
the stable identification period becomes shorter and, so, only for short periods of time the two results are coincident.
In the previous work [11] , the averaged Young's modulus obtained during the initial loading period is assumed to be a tangent slope of the actual stress-strain curve. This assumption was made because the strain amplitude during this initial loading period is relatively small (ε < 0.05), so static pre-stretching was used to obtain data at larger strains. The identification result of the New VFM can be also used to obtain the averaged modulus within a small strain amplitude loading period. Then, each averaged modulus obtained from the dynamic test with different prestretching levels can be applied to the optimization procedure with an assumed hyperelastic model in order to find the optimized material parameters.
One limitation of this method is that a hyperelastic model needs to be assumed prior to knowing the actual stress-strain behaviour. With regard to this limitation, the new approach can be applied to the new identification result to reconstruct the stress-strain curve without assuming any particular model. This new approach is allowed by the fact that the new identification result is stable for a long loading period (i.e. large deformation). With this advantage, the axial stress is simply calculated by multiplying the spatially averaged axial true strain at each time step to the corresponding Young's modulus. This can be mathematically expressed as where the overbar of ε indicates a spatially averaged value. This equation is used to reconstruct the true stress-strain curve during the whole dynamic loading period. The reconstructed curve (red line) is given in Fig. 5 . For comparison, the stress-strain curve directly extracted from an element The comparison shows that the reconstructed curve from the New VFM is well matched with the given behaviour of the simulation. This result means that the constitutive model assumption is not required to reconstruct a nonlinear stress-strain curve when the identification result of the New VFM is used with the simple reconstruction approach of Eq. (5).
White Gaussian noise was then added to the raw displacement data in order to evaluate the sensitivity of the stress-strain curve of the New VFM with respect to noise in the imaging system. Random noise was added to the displacement data directly extracted from the simulation output. The overall procedure of this noise addition is described in detail in the previous work [11] . There are three different noise amplitudes: 1 × 10 −4 , 2 × 10 −2 and 4 × 10 −2 mm. The polluted displacement data were then numerically differentiated to generate the corresponding strain and acceleration data fields. These two data sets were used for the procedure of the New VFM as described above. The true stress-strain curve from Fig. 5 is replotted in Fig. 6 , together with error bars obtained from the polluted data. The smallest and largest noise amplitudes make respectively about 0.01 and 6% deviation with respect to the raw stress-strain curve. The amplitude of random noise in the experiment can be obtained by using still images [16] . In the present experimental work, 30 still images of a sample were taken (a typical sample in a dynamic experiment is presented on the right hand side of Fig. 7) with the same imaging configuration as the one used for the actual test. The same configuration of digital image correlation as used in the actual analysis was applied to the still pictures, and the averaged noise amplitudes (standard deviation) are obtained as 4 × 10 −4 mm and 3 × 10 −4 mm respectively for the loading and transverse directions. The expected deviation, owing to this noise, of the stress-strain curve obtained from the present method therefore has magnitude 0.01%.
Experiment Experimental Data and Analysis: Loading Only
The New VFM procedure was identically applied to data from a dynamic experiment using a new apparatus which produced the boundary condition given in Fig. 3 right. This new experimental system was developed with the requirements to produce a longer deformation amplitude than that of the drop-weight apparatus introduced in the previous work [11] and to provide force measurement during the dynamic loading. The new experimental system satisfying these two requirements is described in Fig. 7 and consists of three parts: incident bar, specimen clamps and impacting bar. The impacting bar travels at 6-8 m s −1 in the direction indicated by the arrow. The bar passes through the metal plate attached to the end of the gas-gun barrel. Next to the end of the gun barrel, a uniaxial piezoelectric force sensor (PCB Piezotronics, 208C02) is attached to the metal plate. The other side of the force sensor is connected to the clamp, which is used to apply the fixed boundary condition on one end of the uniaxial type rubber specimen. The other end of the specimen is attached to the other clamp which is connected to the end of the incident bar. The incident bar is dynamically displaced by the impact of the impacting bar on the middle of the clamp. In order to remove high frequency oscillation, two EPDM rubber layers (thickness = 2 mm) are attached at the location of impact. The 
Fig. 6
True stress-strain curve from the New VFM and error bars indicating the effect of adding noise to the simulation data movement of the bar and clamp introduces dynamic tensile loading on the specimen. At the same time, the highspeed camera is triggered to capture the dynamic deformations at 50 000 fps. The images were analysed by a digital image correlation (DIC) package with the same procedure introduced in the previous work [11] . The imaging and DIC configurations are listed in Table 2 ; the speckle pattern is formed using spray paint. One of the axial displacement fields obtained from the image analysis is shown in the right-hand side of Fig. 6 . As a test material, the same nitrile rubber sheet was used. After inserting this rubber specimen, the width and gauge length are similar to those shown in Fig. 3 left. Three tests were performed with different impact speeds. The data fields: strain, acceleration and coordinates obtained from the image analysis were applied to the Old (Eq. (3)) and New (Eq. (5)) VFMs in the same way as in the simulation work. One of the VFM analysis results is shown in Fig. 8 left presenting the history of the Young's modulus identifications from the two VFMs. The identification result is similar to the simulation results given in Fig. 4 . The identification result of the Old VFM shows the unstable identification instants. Over the first loading period, the two results are almost matched, but after the first unstable identification the two results are not exactly matched; it seems that, after each unstable identification, the Old VFM reaches the similar identification level of the New VFM for only a short period. The reason of this fluctuation can be explained by the averaged acceleration profile (shown in Fig. 8 left) . It can be seen that when the averaged acceleration becomes close to zero, i.e. the vicinity of a static stress equilibrium state, the unstable identification starts to occur. When the specimen is in or very close to the equilibrium state, the actual acceleration amplitude can be very low. However, the actual low-amplitude acceleration fields can be obscured by imaging processing noise as the acceleration data used in the VFM are calculated by double differentiation of the displacement data fields, which include imaging noise. When the New VFM, Eq. (5), is used, the virtual work contributed by the acceleration lessens due to the use of the new virtual field, Eq. (4), and instead, the proportion of the virtual work from the traction force is large. Therefore, the effect of unreliable measurements or calculations of the acceleration field at the temporally equilibrium state can be mitigated. This mitigation is the reason for the smooth and stable identification result of the New VFM shown in Fig. 8 left. This result is used to reconstruct the true stress-strain curve by using Eq. (5). The result is plotted in Fig. 8 right; the reconstructed curves from the other two tests are also presented. The legend in this figure provides the strain rate of each test. The stress curves of Test 1 and 2 show the good repeatability of the technique; comparison between Test 1&2 and 3 as well as the quasi-static test indicates that the technique is able to capture the rate dependency of the chosen rubber. The strain rate values given in Fig. 8 right were obtained by 7 Schematic representation of the dynamic tension test on a rubber sheet; the picture on the right-hand side shows one of the dynamic displacement fields in the axial direction, which is overlaid on an actual picture of the specimen averaging a strain rate profile of each test. The strain and strain rate profiles of Test 1 are given in Fig. 9 . As shown in Table 2 , the stress-strain curves presented in Fig. 8 right were obtained with displacement data which were spatially smoothed by a Gaussian filter of size 5 × 5. In order to study the effect of the smoothing, several different filter sizes were applied to the same test result of Test 2 given in Fig. 8 right. Five different filter sizes (available in the DIC software) were used, and the smoothed displacement data sets were analysed by the same present VFM. The stress-strain curve results are presented in Fig. 10 left. As can be seen in this figure, the identified stress-strain curves are stable with respect to the given filter sizes. Additionally, the effect of the subset size for the correlation was also studied although 12 × 12 subset size was the smallest size that produced a low level of random noise. Three additional subset sizes (8 × 8, 16 × 16 and 24 × 24) were applied on the same test data of Test 2. The subset size smaller than 8 × 8 started to produce de-correlated data. When the sizes larger than 24 × 24 were used, it was found that the final strain range gradually decreased. Within these limits, it can be seen that the use of the given subset sizes is not significant as shown in Fig. 10 right.
Measurements of Loading and Unloading
When the equipment shown in Fig. 7 was used, it was often found that the incident bar was reflected back smoothly so that it was possible to capture the unloading behaviour of the test sample. In order to regularize this unloading, the apparatus was slightly modified as shown in Fig. 11 . On the incident bar, two metal blocks were attached and fixed at given locations, and four rubber The loading and unloading directions are also indicated in Fig. 11 . The experimental procedure was the same as described above, except that the imaging duration was slightly longer in order to capture the whole loading and unloading deformations. The same New VFM procedure was applied to the imaging data. The true stress-strain curves obtained, including unloading, are presented in Fig. 12 left. This result demonstrates that the use of the present experiment and VFM analysis is able to capture the smooth loading and unloading behaviour under medium strain rate deformation in uniaxial tension. The dashed lines and arrows indicate the range of the average strain rates for each loading and unloading period. Although these average strain rates are provided, the strain rates vary, especially during the unloading period as shown in Fig. 12 
Conclusions
A new experimental technique is proposed, an improvement to a previously developed VFM analysis and drop-weight test procedure introduced in previous work [11] , to characterize the dynamic behaviour of rubbers in uniaxial tension. The previous method utilized the dynamic VFM, in which the principle of virtual work equation is implemented to cancel the traction force term induced from the loaded boundary, so that only acceleration data are used to identify the Young's modulus. One limitation is that although a rubber specimen is continuously deformed in tension, there are stress wave reflections during which the specimen is in an approximate static equilibrium state, where the acceleration field is close to zero, for a short period of time. During this period, the Young's modulus identification is unstable. For this reason, the modulus identification history is discontinuous at the temporary equilibrium instants. In order to overcome this limitation of the previous VFM, a modified VFM was developed in which one of the virtual fields is modified so that the traction, which can be measured at the fixed boundary of a test specimen, is included in the principle of virtual work equation. A new dynamic experimental system was also developed to introduce dynamic loading in tension and simultaneously to measure the traction forces. The test data (full-field and force measurement data) were applied to the new VFM; it is found that the modulus identification is smooth and continuous over the whole loading period. With this advantage of the new VFM result, it is straightforward to reconstruct the true stress-strain curve simply by applying the spatially averaged strain to the modulus identification result. Using this method, a dynamic true stress-strain curve is successfully reconstructed without assuming any particular constitutive model. Furthermore, the experimental apparatus was slightly modified so that the loading and unloading behaviours are captured during dynamic loading.
Using the current experiment system, it is difficult to produce a strain amplitude higher than 0.4 as the specimen deformation takes it out of the imaging area. One way to allow a larger strain would be to use a shorter specimen or a longer distance between the high-speed camera and specimen surface. The first of these methods is well-suited to the new technique, which is able to cope with the increased number of wave oscillations that would result; however, a short specimen may induce complex strain states due to the clamping of the ends. The second method may increase the imaging noise amplitude due to the smaller image resolution. Another possible way to characterize the dynamic behaviour at a larger deformation is to implement the prestretching scheme introduced in the previous work [11] .
The present VFM can be also extended to include a hyperelastic model within the principle of virtual work equation. Here, the stress-strain curve obtained from the model independent VFM presented here would be used for the evaluation of a suitable constitutive model. Then, the application of this model, with a rate dependent capability, within the VFM formulation would allow further information to be obtained from experiments with varying strainrate history, as shown, for example, in the unloading experiment. Thus, these experiments have the capability to both identify suitable models, and also to calibrate these models for more complex loading histories that can be evaluated using previously available experimental techniques.
